We show that a single imperfect fluid can be used as a source to obtain a mass-varying black hole in an expanding universe. This approach generalizes the well-known McVittie spacetime, by allowing the mass to vary thanks to a novel mechanism based on the presence of a temperature gradient. This fully dynamical solution, which does not require phantom fields or fine-tuning, is a step forward in a new direction in the study of systems whose local gravitational attraction is coupled to the expansion of the universe. We present a simple but instructive example for the mass function and briefly discuss the structure of the apparent horizons and the past singularity.
The McVittie metric is a controversial solution to Einstein's equations [1] modelling a black hole in a cosmological Friedmann-Lemaître-Robertson-Walker (FLRW) background, carrying now almost 80 years of debates about its physical interpretation. It is a particular case, and the first to be discovered, of a class of metrics which describe a spherically symmetric expanding spacetime filled by a comoving shear-free fluid [2, 3] . Several papers [4] [5] [6] pointed out that the central object in the McVittie solution has the correct prerequisites to describe a black hole. Despite this, a non uniform agreement on the topic remains in the literature [7, 8] .
Solutions of this kind are of interest for those who study processes both at compact object and cosmological scales, for they bridge between the two realms, giving a deeper understanding of cross-scale problems. Probably for this very reason many attempts in generalizing the McVittie solution have been made during the years, as can be seen in [9] and references therein. Of course, one of the features searched for in generalizations of this solution is the possibility of accreting mass on the compact object [10] . Despite being a quite reasonable request, especially when one thinks of physical objects such as stars and black holes, the introduction of accretion has been shown to lead to extremely challenging difficulties [11] , even in simpler cases as in Vaidya metric and perturbations thereof [12] .
In this Letter, by completely abandoning the assumption of a perfect fluid, an approach that has shown to lead to interesting results in many fields [13] [14] [15] , but which has not received enough attention, we find that one can in fact describe accretion (or evaporation) of a black hole in an FLRW background. Although perfect fluids are a valuable tool to study the universe at very large scales, they are not enough in general to match observations, as is shown for instance in [16, 17] on density profiles in clusters. The importance of imperfect fluids has been noticed even at cosmological scales, where they have been proven useful in different contexts [18, 19] . We do not focus on proving that a generalized McVittie metric actually describes a central black hole in an FLRW universe, given that the analysis in [4] and [6] which guarantees this fact is still applicable. Rather, we show how such a solution can be constructed, analyze some of its properties and present what could be called a toy model for the black hole evolution. We stick to a simple example to keep computational difficulties at bay, while we recognize that the imperfect fluid formulation we are presenting can accommodate for a vast plethora of behaviors which we plan to analyze in future works. In short, we look at a very slowly changing mass between two constant values in an asymptotically de Sitter cosmology.
The McVittie metric [1] is defined by the line element
where a = a(t) and m is a constant. It is a solution to Einstein's equations initially proposed to describe a central object in a cosmological background driven by a perfect fluid with homogeneous density and inhomogeneous pressure. In the limit in which H ≡ȧ/a goes to a constant, it reduces to the Schwarzschild-de Sitter solution [20] , and in the limit m /2ar ≪ 1 it reduces to a perturbed FLRW universe with zero curvature. The m parameter represents the contribution to the MisnerSharp mass coming from the central inhomogeneity.
Among the main characteristics of the spacetime described by this metric is the presence of a spacelike inhomogeneous big bang singularity at m = 2ar, which lies in the causal past forȧ > 0. The metric has a null or spacelike FLRW future infinity at large r and t and two apparent horizons which are anti-trapping surfaces at finite times. The one at the lower value of r is well behaved at late times in the presence of a positive cosmological constant and, for t = ∞, becomes the event horizon of a Schwarzschild-de Sitter black hole, which is reachable in a finite proper time [21] . Therefore, one can say that in the case in which the scale factor a asymptotes de Sitter, the metric (1) describes a black hole embedded in an FLRW spacetime [4] .
To generalize the McVittie metric, we consider a timevarying mass for the central object, namely m = m(t) in (1) [13, 22] . Several difficulties are introduced by this apparently small change; the first immediate one is to find a reasonable fluid to enter in the energy-momentum tensor.
The nonzero components of the Einstein tensor for the generalized McVittie line element acquire extra contributions with respect to the original case depending onṁ. They read
The off-diagonal term, together with the fact that G r r and G θ θ have to be equal, puts a stringent constraint on the choice of fluid. If a single perfect fluid is used as a source for this metric, the equality of the diagonal terms implies that the fluid has to be comoving [23] . This in turn implies that the off-diagonal term is zero, and therefore thatṁ has to vanish. It follows then that no single perfect fluid description can be used as a source for the generalized McVittie.
The problem can be alleviated with the addition of a second perfect fluid, which is forced though to have a phantom equation of state (p < −ρ), and thus carry all the problems associated with this kind of field (see, for instance, [24, 25] for an introduction on the topic). Moreover the two fluids are required to be connected by a quite unnatural balancing equation.
Therefore, to find a suitable single-fluid interpretation for the metric (1), we require more complexity and introduce heat transport and viscosity. Considering a comoving fluid, which, together with the spherical symmetry of the metric, implies the vanishing of the shear viscosity, the most general form for an imperfect fluid which is compatible with thermodynamical requirements up to first order in the gradients is [26] 
with
and where u µ is the four-velocity, T = T (x µ ) the fluid temperature, χ the heat conductivity and ζ the bulk viscosity.
The energy-momentum tensor thus takes the form
The off-diagonal component of Einstein's equations given by (2b) and (5b) can be solved to find the radial dependence of the temperature, obtaining a function that relates the evolution of the temperature profile to the mass,
where T ∞ (t) is an arbitrary function of time that represents the value of the temperature at spatial infinity. It is interesting to note that ifṁ = 0 the fluid temperature is just
, which is equivalent to saying that it is in thermal equilibrium [27] . Therefore, the time-dependent black hole mass may be seen as a direct consequence of the fluid being out of equilibrium. It is thanks to this energy transfer mechanism involving heat flow that the fluid can still be comoving and admit nonzero offdiagonal components in the metric, therefore satisfying what Carrera and Giulini call the spatial Ricci-isotropy of the Einstein tensor [5] , expressed in the first part of equation (2c). Using the remaining Einstein's equations, we can extract solutions for the fluid energy density in terms of the black hole mass, which can always be written as ρ(r, t) = 3 8π
Of course now the freedom in our choice is expressed by the almost arbitrary functionṁ. The requirements for it to be a consistent solution of Einstein's equations are (i) thatṁ does not change its sign throughout the evolution, and (ii) ifȧ andṁ have opposite signs, 2ṁ − H(m − 2ar) must have the same sign asȧ. This defines a family of solutions, each of which is fully determined once T ∞ ,ṁ and a are chosen. Note that these are functions of time only, and that consequently the radial profiles are fully determined. While T ∞ and a describe characteristics of the fluid and of the metric at spatial infinity,ṁ determines the behavior of the solution at small r, namely the evolution of the black hole and of the inhomogeneous part of the fluid's energy density.
The fluid pressure is fully determined if the above functions are given, and its expression may be obtained by substituting the solution for m(t), found formally integrating the chosenṁ, back into (2c) and (5c). The pressure differs from the original McVittie case [4] by the terms from (2c) that depend onṁ and by the bulk viscosity term from (5c), which introduces a further deviation from the perfect fluid case. This last effect relates to viscous cosmology models [19] .
Similarly to the original McVittie case, it is convenient to work in a different set of coordinates in which the radial coordinate coincides with the "areal radius". We define thenr byr
which, as in the original McVittie case, defines two branches [4] . We choose the branch mappingr from m = 2ar atr = 2m to r → ∞ atr → ∞. The other branch terminates on spacelike singularities both in the past and in the future [4] and is thus not relevant for our analysis. The line element may then be cast as
where we have introduced the simplifying notation R ≡ 1 − 2m r and M ≡ṁ m . In order to determine the apparent horizons we compute the extrema of the area swept by a congruence of light curves. Due to spherical symmetry we only need to focus on radial null geodesics, which satisfy ds 2 = 0. From (9) it immediately follows that for such curves
Since the area of the wavefront is given by A(r, t) = 4πr 2 , the extrema of A correspond to the solutions of dr dt = 0. In principle, the full set of solutions that define the surfaces we are searching for is given by In the branch we are using 0 < R < 1, and the problem simplifies considerably when an accreting black hole (M > 0) in an expanding universe (H > 0) is considered. In this case in fact, the outgoing null rays corresponding to the plus sign in (10) do not admit real solutions, therefore we only consider the minus sign.
A full analysis of the causal structure is under consideration [28] . In what follows, we focus on a simple toy model where we take the mass of the black hole to be constant both at early and at late times, and we smoothly interpolate between the two constant mass regimes at intermediate times. This choice is dictated mostly by simplicity; a more physical choice for the mass function would require some deeper understanding of the still not well understood accretion mechanism of self-gravitating fluids. We select our model choosing a form for the scale factor and for the mass,
where ω and φ are appropriate parameters to have the sine monotonically connecting the two constant mass values. The function (12) goes smoothly (with zero derivative) from the initial to the final mass as the sine takes values from −1 to +1 in a half period. Whenṁ ceases to be zero the energy density and temperature acquire gradients toward the singularity where they themselves go to infinity. The presence of this density gradient in the dynamical case avoids the rather artificial setup of the original McVittie, whose requirement of a homogeneous density supported by pressure gradients was physically difficult to justify. Conversely, the pressure, besides showing discontinuities which are a feature of the oversimplification introduced in this special case, behaves much like in the static-mass case, going to infinity at the singularity.
In principle, the horizon equation (10) would turn out to be a fourth order equation once the square roots are eliminated. It is important to note, though, that in the process of squaring spurious solutions can be introduced. In particular, after some work on (10) one has
which enforces a condition for the right-hand side to be positive. This constraint actually eliminates one of the real positive roots of the fourth order equation leaving only two roots that we callr + andr − . The solutions, as well as the plotted trajectories of ingoing null geodesics obtained by numerically solving equation (10) (following [6] ), are plotted in Figure 1 . (11) and (12), along with trajectories of radial ingoing null geodesics.r+ is the outer horizon andr− is the inner horizon. The label "s" refers to the portions in which the generalized McVittie metric corresponds to a static-mass case with the value of the mass function given by either the initial or the final value in (12), whereas "d" corresponds to the new behavior only present due to the metric's dynamical evolution.
Note that, for an accreting black hole, the surfacer − is traversable. This does not change the fact that it is an anti-trapping surface, rather it means that new antitrapping regions are appearing above it as the mass increases and the horizon moves outwards. Figure 2 shows this inner region in more detail. In the original McVittie metric withṁ = 0 the spacelike singularity atr = 2m ≡r * lies to the past of all timelike curves ifȧ > 0 (a Big Bang) or to the future iḟ a < 0 (a Big Crunch) [4] . This is seen by looking at the sign of dt dr in the limitr → 2m. In our dynamic mass case, applying such a limit to equation (10), we find
with the next leading-order terms proportional to H vanishing. This is exactly the slope of the curver * = 2m, meaning that light cones become tangent to this surface, just as in the static-mass McVittie case. The increment to the variation ofr with respect to the position of the singularity can be written as
which for small R depends on the sign of H − M , and where the plus and minus signs refer to outgoing and ingoing. If it is positive, as is the case in our example, every null curve will move away fromr * as t increases. As a conclusion, we have shown that a single imperfect fluid can be used as a source to obtain the generalized McVittie metric as an exact solution to Einstein's equations, and that the mass variation can be interpreted as a consequence of heat flow in the radial direction within the fluid. We have worked out a simple example of an accreting black hole to reveal its main characteristics and its differences with respect to the static-mass case, while still keeping the necessary conditions for the McVittie metric to be interpreted as a black hole at future infinity. In the case of a slow accretion rate, the main characteristics of the McVittie metric are still present, despite the shifting position of the apparent horizons and of the past singularity.
In the latter part of our analysis, we have actually restricted ourselves to the simplified case of slow accretion when compared to the rate of expansion. In fact, if one moves away from this limit, we can immediately see that new features of the spacetime may emerge. For example, if one crosses the limit H = 2M , some coefficients of the rationalized equation (10) will vanish, drastically changing the behavior of the apparent horizons. Furthermore, if one crosses H = M the spacelike character of the singularity is no longer guaranteed. We will address these implications in a future work [28] .
